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Input: Asetofn jobsJ = {1, . . . , n}, asetofmmachines,andan integerW ∗.
Each job j ∈ J hasaprocessing timepj ∈ N, aduedatedj ∈ N, a
weightwj ∈ N, andasetofeligiblemachinesMj ⊆ {1, . . . , m}.

Question: Is therea feasibleschedule forJ such thatΣwjZj ≥ W ∗?
|→ Zj = 1 ⇔ j is scheduled

dj − pj dj

Job j

wj 100
dj 79
pj 32
Mj {1,5,8}

1987
Arkin&Silverberg

Scheduling Jobs with Fixed Start and End Times

•ProvedNP-hardness.

•GaveanO(nm+1)-timealgorithm

2018
Mnich&vanBevern
Parameterized Complexity of Machine Scheduling:
15 Open Problems

•PosedOpenQuestion8:

Is theProblemFPTw.r.t. m?

2024
Hermelin, Itzhaki,Molter,Shabtay
On the Parameterized Complexity of Interval
Scheduling with Eligible Machine Sets

•AnsweredOpenQuestion8negatively.

•Leftopenwhetheran (nO(
√

m))-time
algorithmexists.

Theorem1. IntervalSchedulingwithEligible
Machines isstronglyW[1]-hardw.r.t. m.

• Reduction from Multicolored Clique:
Simulating edges with job-gadgets.
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The edge-selection gadget of the reduction for the edge {u, v} of the original graph.

Theorem2. IntervalSchedulingwithEligible
MachinesNP-hard forconstantpmax.

• Reduction from Exact (3-4)-SAT:
Simulating clauses with job-gadgets.
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The reduction applied to the clause (x ∨ y ∨ ¬z).

Theorem3. IntervalSchedulingwithEligible
Machines isFPTw.r.t. m + pmax.

• Data reduction:
Deleting irrelevant jobs.
Retaining top-weighted jobs for
each timestep t.

• O(m2p2
max) jobs remain per t.

• Dynamic program on the time-
steps solves the problem in
O((m2p2

max)2mnm)-time.

t − pmax t t + pmax

Visualization of the relevant jobs for time-step t.

Classical Complexity
Studies how running timedepends on input sizen:
• ClassP contains problems solvable in time

nO(1).

• Aproblem isNP -hard if every problem inNP canbe
reduced to it. Suchproblemsare solvable in
exponential time

2poly(n)

andare believednot to admit polynomial-time
algorithms.

• Aproblem isweaklyNP -hard if its hardness arises
from large numerical values in the input. Such
problemsadmit pseudo-polynomial-timealgorithms,
whose runtime is

(Wn)O(1)

bywhichW is the largest numeric input value.

Parameterized Complexity

Studies the effect of input parameters on running time:
• Aproblem is fixed-parameter tractable (FPT)with
respect to a parameter k if it canbe solved in time

f (k) · nO(1).

• If a problem isW[1]-hardwith respect to k, it is unlikely
to admit an FPT algorithm, the bestwe typically hope
for is running time

nf(k).

• If a problem is para-NP-hard, it remainsNP-hard even
for constant k, and hence cannot admit annf(k)-time
algorithmunless P=NP.

The n Queen Puzzle
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Interval Representation
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NP-complete

Weakly NP-hard
2poly(n)

(Wn)O(1)

nO(1)

FPT f (k)nO(1)

W[1] nf(k)

para-NP 2f(k)nO(1)

Theorem 1. W[1]-hardness

Multicolored Clique Interval Scheduling with Eligible Machines

Input: AgraphGwithavertex-coloringandan integerk.
Question: Is thereak-sizedcliquewithvalidcoloring?

MulticoloredCliqueisW[1]-hardw.r.t. thecliquesize k

[Fellows,Hermelin,Rosamond,Viallette2009].

∀v ∈ V createVERTEX JOBS
∀{u, v} ∈ E createanEDGEJOB
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