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What is new?

Prior work studied one time step. We study

long-run dynamics under repeated updates

and feedback.

Why Does This Matter?
Who gets tested today shapes who appears sick tomorrow - and
that shapes who gets tested next.

Detection bias: groups tested more often show artificially
higher apparent disease rates.

Feedback loop: higher rates ⇒ more future testing ⇒ even
higher rates.

Real-world examples:

• Breast cancer - screening & density policies

• Autism - diagnosed later and less in girls

• Melanoma - later-stage at diagnosis in African Americans

• Policing - reinforcing mechanism and over-surveillance

The Diagnostic Framework
Variables at time t:

Xt Risk factor

Yt True disease status

Zt Tested? (unobserved)

Y ∗
t Observed diagnosis

Aikens et al. (2024):
Single time-step. Xt biases testing (Zt),
distorting Y ∗

t even when true prevalence is
equal across groups.

Our extension:
Past diagnoses Y ∗

t−1 feed back into Xt,
creating a dynamic loop across generations.

Single time-step
(Aikens et al.)

Xt

Yt Zt Y ∗
t

Recursive structure
(Our extension)

Xt−1

Yt−1

Zt−1 Y ∗
t−1 Xt

Yt

Zt Y ∗
t

Model 1 - Endogenous Risk Factors
Setup. Xt is produced by past diagnoses; motivating example: known family history, recurrent events.
Simple case: Xt = Y ∗

t−1. State j ∈ {1, . . . , J + 1} = generations since last detected case.

An undetected case today silently distorts the risk factor tomorrow.
The observed history Y ∗

t drifts away from the true history Yt.

Markov Chain Structure
The pair (Yt, Y

∗
t ) forms a Markov chain on S = {(i, j) : 1 ≤ i ≤ j ≤ J + 1}.

Transitions from state (i, j):

Next state Probability Event

(1, 1) qipj disease & detection

(1, min(j+1, J+1)) qi(1−pj) disease, no detection

(min(i+1, J+1), min(j+1, J+1)) 1−qi no disease

where qi = P (Yt = 1 | Xt = i) and pj = P (Zt = 1 | Xt = j, Yt = 1).

Case 1 - Equal Prevalence Across States (qi = q)
Family history is not a causal risk factor; disease probability q is the same in all states.
Observed risk ratio:

RR∗
ij =

qpi
qpj

=
pi
pj

(true RRij = 1)

• Bias is purely from differential testing.

• The stationary distribution of Yt is geometric.

• Under equal testing pj=p, the distribution of Y ∗
t is also geometric.

• Under differential pj, the geometric structure breaks; the distribution skews toward recent histories, mimicking
causal history dependence even though none exists.

• The similarity of the stationary distributions of Yt and Y ∗
t depends on parameter values.

Stationary distribution (left) and adjacent-state ratios (right) under three testing regimes.

Case 2 - Varying Prevalence: Focus on J = 1

Now qi depends on the true latent state: family history is a genuine risk factor. However, we observe Y ∗ while the risk
ratio is driven by the unobserved process Y . As a result, RR∗ is not directly tractable and must be analyzed via the
stationary distribution.
The closed-form stationary distribution gives:

π22 =
1− q1

1− q1 + q2
, π11 =

q2p2
(1− q1 + q2) [1 + q1(p2 − p1)]

Key findings:

• π11 increases in both p1 and p2: more testing ⇒ observed history closer to truth.

• Under equal testing (p1=p2): RR∗ < q1/q2 - underestimates true risk.

• Under targeted testing (p1=1, p2<1): RR∗ > q1/q2 - overestimates.

• ∃ p∗1 ∈ (p2, 1) where RR∗=q1/q2 exactly: biased sampling can recover the true risk ratio.

Model 2 - Evolving Detection Probabilities
Setup. p(t) is no longer fixed; it updates based on observed case counts:

D(t) ∼ Binomial(n(t), p(t)), r(t) =
D(t)

n(t)

D(t) - the number of detected cases
r(t) - the observed detection rate,
p(t) - the time-varying probability of detection (similar to qipj in Model 1)
We compare two update rules with different long-run behavior.

Update Rule 1 - Proportional Feedback (Martingale)

p(t + 1) = p(t) · r(t)

r(t− 1)
, p(1) = r(0)

Rational: Z(t + 1) moves proportionally to Y ∗
t .

Key result: p(t) is a martingale: E[p(t + 1) | Ft] = p(t).

Any initial bias is preserved in expectation. The process does not self-correct.

Simulated p(t) under proportional feedback: substantial stochastic drift, bias preserved in expectation.

Update Rule 2 - Dynamic Diagnosis Ratio (DDR)

p(t + 1) = clipβα

[
1− (1− p0) e

−c (DDRt−1)
]
, DDRt =

r(t)

p0
c > 0 - sensitivity parameter; p0 - reference group baseline.

Rational: p(t) updates with DDRt but non-linearly, moderating sharp changes.

Drift condition - when
p0

c(1− p0)
≥ 1:

p(t) ≷ p0 =⇒ E[p(t + 1)] ≶ p(t)

Bias is self-correcting for small c. Large c overcorrects: p(t) hits the boundary within a few steps.

Heterogeneous prevalence: when q1 > q0, the equilibrium pulls testing intensity down in the higher-prevalence
group - a counter-intuitive consequence of normalising by a common baseline.

The DDR dynamics imply that higher prevalence leads to a reduction in testing intensity.
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