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Robustness Auditing of OLS

• Labeled Data:  𝒙𝑖 , 𝑦𝑖 𝒊∈ 𝒏

• Full OLS estimator:
 

෡𝜷 = 𝑋⊤𝑋 −1𝑋⊤𝒚 
 

• For subset 𝑆 ⊂ 𝑛 , define the partial OLS estimator:
 

෡𝜷𝑆 = 𝑋𝑆
⊤𝑋𝑆

−1𝑋𝑆
⊤𝒚𝑆

 

Robustness metric:
For fixed direction 𝒗 ∈ 𝕊𝑝−1:
 

Δ𝑘 𝒗 = max
𝑆 ≥𝑛−𝑘

෡𝜷 − ෡𝜷𝑆, 𝒗

Example:

Δ𝑘(𝒆1) quantifies the sensitivity of መ𝛽1 to 𝑘 removals.

If መ𝛽1 > 0 and Δ𝑘 𝒆1 > መ𝛽1 , then 

sgn መ𝛽1
𝑆 ≠ sgn መ𝛽1 

 

Practical implication: 

If 𝑥(1) (first coordinate of 𝒙) is a treatment indicator, 

flipping the sign of መ𝛽1 reverses the estimated treatment 

effect.  This fragility renders the study's conclusions 

completely unreliable.

Region 𝒌, 𝒑 ≪ n 𝒌 ≪ n, 𝒑 ∝ 𝒏 𝒌 ∝ n, 𝒑 ≪ 𝒏 𝒌, 𝒑 ∝ 𝒏 

Robust

Consistent

𝒏 > 5𝜎𝑦 መ𝛽1
𝑂𝐿𝑆 𝒌𝐬𝐢𝐠𝐧

𝑶𝑳𝑺 መ𝛽1
𝐻𝑢𝑏𝑒𝑟 𝒌𝐬𝐢𝐠𝐧

𝑯𝒖𝒃𝒆𝒓

10781 48 16.5 224 14.2 570

9489 48 28.7 314 22.1 817

3769 20 23.2 21 11.2 124

10368 56 32.5 555 26 1145

4191 19 21.1 26 13.4 162

Huber Regression

For heavy-tailed responses, OLS is highly sensitive to sample 

removals.

This sensitivity can be attenuated by regression with a Huber 

loss.

OLS vs. Huber on the Cash Transfer dataset [2]

[1] Tamara Broderick, Ryan Giordano, and Rachael Meager (2020). An Automatic Finite-Sample Robustness Metric: When Can Dropping a Little Data Make a Big Difference? 
[2] Angelucci, M. and De Giorgi, G. (2009). Indirect effects of an aid program: How do cash transfers affect ineligibles’ consumption? 

Learning Workflow

Can you trust this model?

Data
 

 (𝒙𝑖 , 𝑦𝑖) 

Training 
Model

Output
 

𝒇𝜽(⋅)

We investigated model stability against perturbations in the 

training data. 
 

Specifically, we analyzed how a small fraction of samples 

impacts the learned model.
 

This area of research is known as robustness auditing.

Recent work [1] demonstrates that removing < 0.5% of 

samples can be enough to completely overturn model 

conclusions.

Model Stability Against Data Perturbation

How robust is OLS to sample removals across different 

regimes of dimension 𝒑 and deletion size 𝒌?

Research Question

Linear Gaussian Model:

• 𝑦 = 𝜷⊤𝒙 + 𝜀;  𝒙 ∼ 𝑁 0, Σ
• 𝜀 is zero mean sub-Gaussian

Theoretical Results

Theorem 1 
If 𝑘 ≪ 𝑛, with high probability
 

max
𝑆

||෡𝜷 − ෡𝜷𝑆|| ≤ 𝑂(𝑘/𝑛 log 𝑛/𝑘)
 

Key takeaway: If 𝑘 ≪ 𝑛 OLS maintains robustness regardless 

of the dimension, even without a specified linear relationship.

Note: The optimal predictor 𝐸 𝑦 𝒙] might be non-linear, 

making the linear OLS fit fundamentally misspecified. 

Thus, we evaluate robustness under model misspecification.
 

General Misspecified Model: 

• 𝒙 and 𝑦 are zero mean sub-Gaussians   

Theorem 2
Let 𝛼 = 𝑘/𝑛, with high probability

Δ𝑘 𝒗 ≥
1

1 − 𝛼
||Σ−1𝒗|| 𝐸 𝜀𝑧1 𝜀𝑧 ≤ 𝑞𝛼

 

𝑧 ∼ 𝑁 0,1 , 𝑞𝛼 is the 𝛼-quantile of 𝜀𝑧
 

Key takeaway: When the removal fraction 𝛼 is large (𝑘 ∝ 𝑛),

OLS is fundamentally non-robust.

Robustness and Consistency Across Scaling Regimes:
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