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Standard analysis

Goal: Estimate and compare between the Atezo and Chemo
treatment effects on the cancer patients.

The standard analysis: estimation of the hazard ratio (HR) using the
Cox model.

The HR suffers from an unclear causal interpretation.
(Hernán, 2010; Aalen et al., 2015; Martinussen et al., 2020)

A built-in selection bias in the HR as a parameter.
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What is the problem with using HRs?

The treatment groups are heterogeneous!
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The selection bias problem of the HR

Even when the treatment is randomized, as time progresses, if the
treatment affects survival, the two treatment groups may become less

balanced!
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Premise

Although alternatives to the HR were suggested, it remains the most
popularly reported measure even in studies targeting causal effects
implicitly or explicitly. (Lang and Altman, 2015; Assel et al., 2019)

Having an alternative HR-like measure that admits a causal
interpretation will be useful in practice.
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Notations and hazard ratios

X - a binary treatment. X ∈ {A,C}.

TX=x - the potential survival time had a patient been assigned to
treatment group A = a, and there was no censoring.

λX=x(t) - the hazard function of TX=x.

λ(t|X = x) - the hazard function of T|X = x. Cumulative hazard
function Λ(t|X = x) =

∫ t
0 λ(u|X = x)du

In an RCT under the standard assumptions λX=x(t) = λ(t|X = x), so

λX=A(t)
λX=C(t) =

λ(t|X = A)
λ(t|X = C)

HRPO(t) = HR(t)
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A causal HR

In terms of potential outcomes the Standard HR targets

HR(t) =
lim

dt→0
1
t Pr

(
t ≤ TX=A < t + dt|TX=A ≥ t

)
lim

dt→0
1
t Pr (t ≤ TX=C < t + dt|TX=C ≥ t)

A causal HR (Martinussen et al., 2020)

HRC(t) =
lim

dt→0
1
t Pr

(
t ≤ TX=A < t + dt|TX=C ≥ t,TX=A ≥ t

)
lim

dt→0
1
t Pr (t ≤ TX=C < t + dt|TX=C ≥ t,TX=A ≥ t)

The HRC(t) contrasts the hazards under treatment versus no
treatment, in the subpopulation of patients who would have survived
up to time t regardless of their treatment assignment.
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Identifying HRC(t) using frailty models

Even in an RCT, HRC(t) is not identifiable without further
assumptions!

Intuition: For each patient, we know for each t whether TX=A > t or
TX=C > t (or possibly none if censored).

So no way to tell for which patients TX=A ≥ t and TX=C ≥ t.

Proposed approach: a working model such that TX=A and TX=C are
correlated through an unmeasured time-fixed frailty variable V.

Frailty variables are often used to model observed heterogeneity in
various survival analysis settings (e.g., clustered data, multi-state
models).

We use frailty variable to model unobserved heterogeneity.
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Identification assumptions

We assume the standard assumptions: SUTVA, randomization or
conditional exchangeability, and independent censoring

We also assume the working frailty assumptions:
1 V is an unmeasured variable from a known parametric family with

E(V) = 1 and Var(V) = θ

2 Conditionally on the frailty, the potential survival times are
independent:

TX=A |= TX=C|V

3 The multiplicity assumption:

λX=x(t|V = v) = vψX=x(t),

where λX=x(t|V = v) is the hazard rate in terms of the potential
outcomes given V, and ψX=x(t) is a function that does not depend on V
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Identification of the causal HR: Randomization

Proposition
Under randomization and the rest of the identification assumptions, the
HRC(t) is identified by

HRC(t) = λ(t|X = A)
λ(t|X = C) · φ (Λ(t|X = A),Λ(t|X = C), θ)

= HR(t) · φ (Λ(t|X = A),Λ(t|X = C), θ) ,

The function φ(·) may take a closed form depending on the specific
distribution for V.

For example, under Gamma frailty:

HRC(t) = λ(t|X = A)
λ(t|X = C) · exp

{
θ [Λ(t|X = A)− Λ(t|X = C)]

}
Rachel Axelrod, TAU Sensitivity analysis for the causal HR ISDSA 2024 12 / 21
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Identification of the causal HR: Observational studies

For observational studies, it is assumed that for some observed
covariates Z, we have that TX=x |= X|Z

Under this assumption, we provide an approximated identification
formula for the HRC(t) as a function of θ

Identification formula based on Inverse Probability of Treatment
Weighting (IPTW). Identification Relies on Pr(X = x|Z)

The approximation should work well when either holds:
1 The event of interest is rare.

2 The association between TX=x and the confounders is not too strong.
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Estimation of the causal HR

We cannot estimate θ = Var(V) from the observed data.

Instead, we will use θ as a sensitivity parameter. Had we known θ, we
could have estimated HRC(t) from the data.

From the identification formula, we need to estimate λ(t|X = x) and
Λ(t|X = x).

We present two estimation methods: Cox-based and kernel-based
estimation.

These methods can be applied for both randomized trials and
observational studies.
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Estimation of the causal HR

1 Cox-based estimation:
Assumes that the HR(t) is constant over time and followed by the Cox
model
Estimates λ(t|X = x) and Λ(t|X = x) by fitting a standard Cox model

2 Kernel-based estimation:
No parametric assumptions on HR(t)!

Estimates λ(t|X = x) and Λ(t|X = x) at each treatment arm separately
using kernel-based estimation under right censoring

To improve the estimator performance, we use a time-varying
bandwidth, and a boundary kernel.

(Hess et al., 1999; Müller and Wang, 1990; Muller and Wang, 1994)
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Sensitivity analysis steps

1 Choose the parametric distribution for V and a range of possible θ
values

We present closed-form formulas for the HRC(t) under different
distribution choices: Gamma, Inverse Guassian and positive stable

Instead of θ choose the correspondent Kendall’s τ correlation values
between TX=A and TX=C

(Oakes, 1989)

2 Estimate all of the identification formula parts: λ(t|X = x) and
Λ(t|X = x)

3 Plug in the obtained estimators in the identification formula to obtain
an estimator for the function HRC(t) as a function of τ or θ.
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Back to the Motivating example

Survival curves estimated by Kaplan–Meier estimator
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Sensitivity analysis results
Since the proportional hazard assumption is violated, we focus on the
kernel-based analysis
We choose the Gamma distribution and the range of Kendall’s
τ ∈ (0.1, 0.3, 0.5, 0.7). Under the Gamma distribution τ = θ/ (θ + 2)
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Sensitivity analysis results

Similar qualitative results under inverse-Gaussian frailty and all
Kendall’s τ .

ĤRC
kernel(t) > 1 at the start of the study, indicating Atezo treatment is

inferior to Chemo in terms of short-term survival.

After approximately four months, ĤRC
kernel(t) decreased below one,

suggesting Atezo treatment prolongs the survival times of patients
would have survived up to four months regardless of their treatment
assignment.

In contrast, Powles et al. (2018) main result was that “Atezolizumab
was not associated with significantly longer overall survival than
chemotherapy in patients”. A piecewise constant HR analysis would
have aligned better with our results.
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Discussion and take-home messages

What we have talked about today?
The standard HR is a biased estimator even in randomized trials

We presented identification formula for the causal HR as a function of
an interpretable sensitivity parameter

We proposed two estimation methods

What we have not talked about today?
Simulation results: when each estimation method is better? how our
methods preform in the presence of confounders? how the estimation
is affected by violation of the frailty assumptions?

Application of our framework in a real observational study example
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HRC(t) = λ(t|X = A)
λ(t|X = C) · φ (Λ(t|X = A),Λ(t|X = C), θ)

Thank you!
Paper:
R. Axelrod & D. Nevo. “A sensitivity analysis approach for the causal hazard
ratio in randomized and observational studies”, Biometrics (2022)

R package: CausalHR
Github: https://github.com/xlrod1/CausalHR

Reproducibility:
Github: https://github.com/xlrod1/Reproducability_R_code
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